We systematically derive the analytical expressions of the magnetic moments of the spin-1 2 singly charmed baryons to the next-to-next-to-leading order in the heavy baryon chiral perturbation theory (HBChPT). We discuss the analytical relations between the magnetic moments. We estimate thelow energy constants (LECs) in two scenarios. In the first scenario, we use the quark model and Lattice QCD simulation results as input. In the second scenario, the heavy quark symmetry is adopted to reduce the number of the independent LECs, which are then fitted using the data from the Lattice QCD simulations. We give the numerical results to the next-to-leading order for the antitriplet charmed baryons and to the next-to-next-to-leading order for the sextet states.
I. INTRODUCTION
In the past decades, many heavy baryons and their excitations have been observed in experiments [1] . For instance, the Ω * c was observed in the decay channel Ω * c → Ω c γ by the BABAR Collaboration and confirmed by the Belle Collaboration [2, 3] . The other two radiative decay processes, Ξ [4] [5] [6] . The electromagnetic processes become more important when strong decay processes are forbidden due to the phase space. These processes provide a platform to study their electromagnetic properties, which are very important to explore the inner structures of the heavy baryons. More experiment data about the magnetic moment and other electromagnetic properties from PANDA, LHCb, BESIII, Belle II and so on are expected in the future.
The electromagnetic properties of the heavy baryons have attracted the attention of many theorists. Many theoretical models have been adopted to study the electromagnetic properties of the heavy baryons. The radiative decays of the heavy baryons were investigated with the chiral symmetry and heavy quark symmetry in Ref. [7] . In Ref. [8] , the radiative decay Σ * 0 c → Λ 0 c + γ was studied in chiral perturbation theory. In Refs. [9] [10] [11] , the electromagnetic decays of the heavy baryons have been calculated in the framework of the heavy baryon chiral perturbation theory. In Refs. [12] [13] [14] [15] , the authors studied the radiative decay and magnetic moments of the heavy baryons with the Lattice QCD simulation. The radiative decays and magnetic moments of the heavy baryons were also studied using the heavy quark symmetry [16] , various quark models [17] [18] [19] [20] [21] [22] [23] [24] , QCD sum rule formalism [25, 26] and the bag model [27] . In addition, the magnetic moments of the heavy baryons have been calculated in the bag model [28] [29] [30] , the QCD sum rules [31] [32] [33] , the effective quark mass and screened charge scheme [34] , the hyper central model [35] , the quark-diquark Model [36] , the skyrme model [37, 38] , the mean-field approach [39] , the bound-state approach [40] , and the heavy hadron chiral perturbation theory [11, 41, 42] . In Ref. [43] , the magnetic moments and charge radii of the Σ c and Ω c were calculated with the Lattice QCD simulations. The chiral perturbation theory (ChPT) is a very useful tool to study the hadron properties at the low-energy regime. However, the heavy baryon mass introduces a new large scale and does not vanish in the chiral limit, which destroys the chiral power counting. Three methods were proposed to overcome this obstacle, the heavy baryon chiral perturbation theory (HBChPT) [44] [45] [46] , the infrared regularization (IR) [47] , and the extended-on-mass-shell regularization (EOMS) [48, 49] . The IR and the EOMS are the relativistic formalization of the chiral perturbation theory. They have been used to study the electromagnetic properties of baryons [50] [51] [52] . In the HBChPT, the heavy baryon field is decomposed into the "light" and "heavy" components. The "heavy" component is integrated out. Then, the expansion is in powers of the momentum (mass) of the pseudoscalar meson and the residue momentum of the heavy baryon. The chiral power counting is recovered. The HBChPT formalism has been used to study the electromagnetic properties of the octet and decuplet baryons [53] [54] [55] [56] . The masses of the charmed baryons are large, which are about 2.5 GeV. In this case, the recoil effect is negligible. The heavy baryon chiral perturbation theory is suitable in calculating the magnetic moments of the heavy baryons.
In Refs. [11, 42] , the authors have calculated the magnetic moments of the heavy baryons up to next-to-leading order (NLO) using the (partially quenched) heavy hadron chiral perturbation theory. The wave-function renormalization, the vertex renormalization, and other effects are not included up to this order. However, they may not be negligible. For instance, the wave-function renormalization contributes a nonanalytic m q lnm q (m q is the light quark mass.) correction to the magnetic moments of the baryons [55, 56] . To include the above effects, we have considered all the one-loop diagrams. And we calculate the analytical expressions of the magnetic moments up to the next-to-next-to-leading order (NNLO). Several relations of magnetic moments were given up to NLO in Ref. [42] . We find most of these relations are not valid any more at NNLO.
The paper is arranged as follows. In Sec. II, we give the effective Lagrangians that contribute to the magnetic moments. In Sec. III, we calculate the analytical expressions of the magnetic moments of the antitriplet and the sextet charmed baryons. In Sec. IV, we obtain the numerical results. The magnetic moments of antri-triplet charmed baryons are given to O(p 2 ). The numerical results of sextet charmed baryons are given up to O(p 3 ) in two scenarios. The last section is a brief summary. Finally, some calculation details and explicit loop integrals are collected in the Appendix.
II. THE EFFECTIVE LAGRANGIANS
In the SU(3) flavor symmetry, the two light quarks in the heavy baryon form the antisymmetric 3 f and the symmetric 6 f representations as illustrated in Fig. 1 . The total spin of the light quarks is S l = 0 or S l = 1, respectively. The spin of the antitriplet heavy baryon is S3 =
In the HBChPT scheme, we decompose the heavy baryon fields into the "heavy" and "light" components as follows
where ψ n denotes the heavy baryon field ψ3, ψ 6 or ψ * µ 6 , and B n (H n ) is the "light" ("heavy") component of the corresponding heavy baryon field. M B is the baryon mass, and v µ = (1, 0) is the static velocity. The heavy field H n (x) is then integrated out in the Lagrangians.
In the HBChPT scheme, the matrix element of the electromagnetic current for the spin- 
where J µ is the electromagnetic current, and q = p ′ − p is the transferred momentum. u(p) and u(p) represent the Dirac spinors for the initial and finial heavy baryons with the momentum p, respectively. S µ is the spin operator 
A. The leading-order Lagrangians
The pseudoscalar mesons are denoted as
The Lagrangian for the pseudoscalar mesons at the leading order is
with
where F 0 is the decay constant in the chiral limit. In this work, we use the values F π = 92.4 MeV, F K = 113 MeV, and F η = 116 MeV after renormalization, respectively. A µ is the electromagnetic field. The charge matrix for the light quark is Q l = diag(2/3, −1/3, −1/3). The leading-order Lagrangians related to the heavy baryons are
The pseudoscalar mesons only interact with the light quarks inside the heavy baryons, and the total spin of light quarks is S l = 0 for the baryon in the antitriplet. The φB3B3 vertex is therefore forbidden considering the parity and angular momentum conservation, and thus g 6 = 0.
The nonrelativistic Lagrangian at the leading order can be directly derived from the L
where the mass differences are δ 1 = M 6 − M3 = 127 MeV, δ 2 = M 6 * − M3 = 194 MeV and
The nonrelativistic Lagrangians at O(p 2 ) contribute to the leading-order magnetic moments at the tree level:
where we use the subscript 6 * to indicate the spin- To calculate the magnetic moments up to O(p 3 ), we also need the leading-order Lagrangians which directly contribute to the transition magnetic moments,
Since 3 ⊗ 6 = 8 ⊕ 10, only one independent Lagrangian term contributes to the radiative transition between the antitriplet and sextet. The L
6 * →6 is similar to the L
66,6 * 6 * and has two independent interaction terms. We denote them as the f 3 andf 3 terms in this work while the authors of Ref. [9] 
The other Lagrangian terms with the structures Tr(
The O(p 3 ) Lagrangian does not contribute to the magnetic moment up to the next-to-next-toleading order. The O(p 4 ) heavy baryon Lagrangians contributing to the magnetic moments read
At this order, the effect of the SU(3) symmetry breaking is introduced through the current quark mass matrix.
where B 0 is a parameter related to the quark condensate. m In general, there should exist six terms for L
33 , which are listed in the first six columns of Table I . The terms with Tr(χ + )f 66 , an extra flavor structure in the last column of Table I is introduced because of 6 ⊗6 → 27, which corresponds to the s 3 term in Eq. (15) . Thus, there are four independent terms in L (4) 66 in total. (χ+f
j} b} , where the {...} means that the flavor scripts are symmetrized.
Group representation
Flavor structure Tr(χ+)Tr(f heavy baryons, respectively. The magnetic moments at the leading order are derived from the Lagrangians in Eq. (11),
III. THE MAGNETIC MOMENTS OF THE SPIN-
For the3 f heavy baryons, the intermediate baryons in the loops contain only the baryons in the 6 f representation since g 6 = 0.
At O(p 2 ), the chiral correction to the magnetic moments comes from diagrams (a) and (b) in Fig. 2 and is written as,
where the superscript (2; a, b) denotes the chiral order and the Feynman diagrams. The script x indicates the pseudoscalar mesons in the loops. m x and F x are their masses and decay constants in the chiral limit. d is the dimension. β x is the Clebsch-Gordan coefficient for the heavy baryons as listed in Table II . The notations such as the n At O(p 3 ), the loop contributions are from diagrams (e)-(l).
where λ is the cut off parameter and we adopt λ =1GeV in this work. µ
3 is the magnetic moment at the leading order in Eq. (18) . In Table II , we list the coefficients θ x , δ x , and so on. The O(p 3 ) magnetic moment µ (3;tree) from the tree diagram reads,
B. The magnetic moments of the heavy baryons in the 6 f flavor representation.
For the spin-1 2 heavy baryons in the 6 f representation, their magnetic moments at the leading order are
The O(p 2 ) and O(p 3 ) loop corrections are listed as follows,
where µ
6 is the leading-order magnetic moment in Eq. (22) . Γ 2 is another loop integral which is given in Appendix E. The relevant coefficients for the heavy baryons in the sextet, such as β x and O x , are listed in Table III . At O(p 3 ), the magnetic moments from the tree diagram are 
C. Analytical relations
If we take the same mass for light quarks, strong interaction and electromagnetic interaction can not distinguish d from s quark, which gives rise to the U-spin symmetry. In the U-spin transformation, the quarks transform as 
In the diagrams (a), (b), (i) and (j), the photon only interacts with the charged pseudoscalar mesons, π ± and K ± . The coefficients are related to each other as follows,
The h,θ, α and the δ also obey the similar relations. In fact, this conclusion also applies in the (e)-(f), (k) and (l) diagrams with the charged intermediate pseudoscalar mesons in the loops, i.e.
where the coefficients N can be replaced by the coefficients O, ρ, θ or X in Tables II and III. When we neglect the mass splitting of pseudoscalar mesons and ignore the explicit SU(3) breaking terms in the Lagrangian, the interaction can not distinguish the d from s quark. Then the baryons with the same charge have the same magnetic moments at every order, (27) where C denotes the coefficients X, h, O, θ, α, δ, N , ρ, θ or β in Table II and III. At O(p 2 ), we can also derive some relations from Table III .
Up to O(p 3 ), the first relation is still valid, while the other two relations do not hold any more. The self-energy diagrams (k)-(l) and the loops (e)
IV. THE NUMERICAL RESULTS AND DISCUSSIONS
There are fifteen LECs in the analytical expressions of the magnetic moments up to O(p 3 ). In principle, they should be determined by fitting the experiment data. So far, there is no experiment data about the magnetic moments of the heavy baryons. Thus, as a second best scheme, we choose the Lattice QCD simulation data [12] [13] [14] 43] as input. Before fitting the Lattice QCD results, we use the quark model or the heavy quark symmetry to reduce the number of unknown LECs.
The spin- We will give the numerical results of the antitriplet charmed baryons to O(p 2 ), two Lattice QCD results are input. The numerical results of spin-1 2 sextet are given in two scenarios. In the first scenario, we use the Lattice QCD simulation data [12] [13] [14] 43 ] and the quark model to estimate these LECs. In the second scenario, we use the heavy quark symmetry to reduce the independent LECs before fitting the Lattice QCD results.
A. The charmed baryons in3 f
Before giving numerical results of antitriplet charmed baryons, it is heuristic to see the quark model results in Table IV . All their magnetic moments are µ c . In the quark model, the light quarks do not contribute to the magnetic moments of3 f charmed baryons.
Within HBChPT, the analytical expressions up to O(p 2 ) contain two unknown coefficients, d 2 and Table V . The errors come from the uncertainties of the Lattice QCD results. At the leading order, we separate the contribution of light quarks from the total magnetic moments,
where the superscriptdenotes the contribution from two light quarks. The calculation details are listed in Appendix D. The contribution of light quarks is very small. At O(p 2 ), the loop diagrams with the intermediate3 f states vanish because of g 6 = 0. Thus, at this order, the contribution from light degrees of freedom vanishes. Even if we take the sextet as the intermediate states in the loops, the contribution at this order is quite small as illustrated in Table XII . Thus, within HBChPT, we can also conclude that the heavy quark contribution dominates the magnetic moments of antitriplet charmed baryons. (d5 + 4d6)
d5 d6 5 4 (d5 + 2d6) We have calculated the analytical results for the magnetic moments of the spin- 
, s 2 and s 3 . In this scenario, we use the predictions from the quark model as the antitriplet magnetic moments in the HBChPT and obtain the values of d 5 , d 6 , d 8 , d 9 , f 2 , f 3 ,f 3 , and f 4 . We obtain the (transition) magnetic moments in the quark model and the leading-order (transition) magnetic moments, and list the analytical expressions for the antitriplet and the sextet heavy baryons in Table IV and VI, respectively. More details about quark model are illustrated in Appendix A and B. In this work, we use the following the constituent Table VII . In calculation, we assume 10% uncertainty for the quark mass. This uncertainty together with the uncertainty of the Lattice data leads to the errors in the numerical results. The values of the parameters are listed in Table VIII . We obtain the µ Σ 
Quark model
(f3 +f3)
µ Ω 0 c and spin- 3 2 sextet are included in the chiral loops. The superscript ‡ indicates that the corresponding Lattice data is treated as input. C. The charmed baryon in 6 f : Scenario II
In the heavy quark limit, the spin-1 2 and spin-3 2 sextet states are degenerate and we can relate some LECs to others with the heavy quark spin symmetry. In the heavy quark limit, the mass splitting is δ 2 = 0 now. The two sextet states are combined into the following superfield [59, 60] ,
The O(p 2 ) Lagrangians for the sextet electromagnetic interaction read [10, [59] [60] [61] ,
where thef
HQSS is invariant under heavy quark spin transformation, and represents the contribution from the light quarks. The L HQ violates the heavy quark spin symmetry and is related to the heavy quark contribution. and spin- 3 2 sextet are included in the chiral loops. The contributions from the light quarks to the magnetic moments are listed order by order. Those from the heavy quarks are listed in the fifth column. They combined to the total values listed in the last column. The superscript ‡ indicates that the corresponding Lattice data is treated as input. By comparing these Lagrangians with those in Eqs. (11) and (13), we obtain,
The six LECs (
are then related to two independent LECs g and g b in the heavy quark limit. And the f 2 and f 4 are related to g t . In this scenario, we consider the sextet heavy baryons as the intermediate states. Then there are four unknown LECs: g, g t , g b , and s 3 . In Lattice QCD calculation [12] [13] [14] 43] , the authors have given the contributions of the heavy quarks to magnetic moments:
We fit the average value µ c 6 = −0.06µ N to obtain the g b . We fit the remaining light quark contribution to determine g t , g b , and s 3 . The numerical results are given up to O(p 3 ) in Tables IX and the . The number of LECs involved is larger than that of the magnetic moments to be calculated. We have used two scenarios to reduce and estimate these LECs.
We have obtained the numerical values of the magnetic moments up to O(p 2 ) for the3 f charmed baryon. The light quarks have little contribution to the magnetic moment. We have given the numerical results for the spin-1 2 sextet up to O(p 3 ) in two scenarios. In the first scenario, the LECs were estimated using the Lattice QCD data and quark model due to the lack of experiment data. The convergence of the chiral expansion works well if we only consider the sextet as the intermediate states in the loops. The inclusion of the intermediate antitriplet charmed baryons worsens the convergence and does not change the numerical results significantly. In the second scenario, the heavy quark symmetry was used to reduce the number of the independent LECs. The magnetic moments were decomposed into the heavy and light parts, respectively. With the numerical results of the Lattice QCD simulation as input, we have obtained the values of the LECs and the numerical results.
We have listed the numerical results in the above two scenarios in Table XI Table, we have also compared our numerical results with those results in the Lattice QCD [12] [13] [14] 43] , the relativistic quark model [19] , the relativistic threequark model [20] , the chiral constituent quark model (χ CQM) [22] , an independent-quark model based on Dirac equation with power-law potential [23] , the bag model [28] , the QCD sum rule [33] , the effective mass and screened charge scenario in the Ref. [34] , the hyper central model [35] , and the mean-field approach [39] .
It's very interesting to note that the results from various models are roughly consistent with ours. The numerical results of the heavy baryon magnetic moments from the Lattice simulations are generally smaller than the quark model predictions. Due to the lack of the experimental data, we use several Lattice data as input to extract the low-energy constants, which renders some of our results are also smaller than the quark model estimates. With the analytical expressions derived in this work, we may further improve and update the numerical analysis in the future if the magnetic moments of several heavy baryons are measured experimentally or more accurate Lattice QCD simulations become available.
where the transferred momentum q = p ′ − p. F 1−4 are the functions of q 2 . The magnetic-dipole (M1) form factor and the magnetic moment are
. The µ B * is the magnetic moments of the spin-3 2 heavy baryons and it can be derived from the Lagrangians in Eq. (11) .
For the radiative decay of a spin-3 2 heavy baryon into a spin-1 2 one, the magnetic moment reads [62, 63] ,
For the the magnetic moments of the heavy baryons in the antitriplet, the light quarks do not contribute since the total light-quark spin S l = 0. Their magnetic moments are µ c as illustrated in Table IV . Within HBChPT, the contribution to the magnetic moment from the light quark at the leading order comes from the d 2 term. Thus, if we treat the predictions in the quark model as the leading-order magnetic moments, we get d 2 = 0. However, we notice that the chiral expansion suffers from bad convergence with the above treatment because of two reasons. Firstly, µ c is proportional to the 1/m c , which is small and of the same order with 1/M B . In the HBChPT Lagrangian, we have dropped off the 1/M B terms. Thus, it is not consistent to fit the d 2 and d 3 using the quark model results. Secondly, the chiral corrections for the O(p 2 ) magnetic moments are also quite small as illustrated in the Tables V and XII. At this order, the loop diagrams with the intermediate3 f states should give the major chiral correction. However, these diagrams vanish due to g 6 = 0. Moreover, the opposite contributions from the spin- Table XIII. Comparing Tables VII  with XIII , we notice that the addition of the3 f intermediate heavy baryons worsens the convergence of the chiral expansion. The magnetic moments of the charmed baryons are composed of the contributions from the light and charm quarks. We take the calculation of Eq. (32) as an example to illustrate the decomposition of these two contributions. At the leading order, the magnetic moments of the charmed baryons in the antitriplet representation arise from the L 
Then, the analytical expressions of the leading-order magnetic moments in Eq. (18) can be expressed as, µ 
Using the values of the d 2 and d 3 in Table VIII, we 
